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Consider afinite r-dimensional projective space PG(r, s) based on the Galois 
field GF(s) where s is prime or power of a prime. A set  of n distinct points in 
PG(r, s), no t linearly dependent, is said to be maximal or complete if it is not 
contained in any other set with n* points with n* > n. The number of points 
in a maximal set is denoted by m~(r q- 1, s). The purpose of this paper is to 
improve the existing bounds for m~(r q- 1, s) for r /> 5 and s ~> 5 (odd). The 
investigation f maximal sets in certain relationships of t, r and s yields parity 
check matrices of (r -t- 1) rows and n columns with elements from GF(s) 
satisfying the condition that no t columns are linearly dependent. This problem 
has applications to coding theory and also in the theory of fractionally replicated 
designs. 
1. INTRODUCTION 
Bose (1961) has shown that for an (n, k) linear code, with k information 
symbols and fixed redundancy r -6 1 -~ n - -  k, the maximum value of n for 
which u errors can be corrected with certainty is m~(r -6 1, s). Similarly, 
the maximum value of n for which u-errors can be corrected with certainty 
and u -6 1 errors can be detected is given by m~+l(r -6 1, s). 
For a fractionally replicated esign 1/s ~ of s n, consisting of a single block 
with s ~+1 plots or experimental units, the maximum possible value of n is 
m2u(r -6 1, s) if no u-factor or lower-order interaction is to be aliased with 
another u-factor or lower-order interaction. In case it is required that no 
u-factor or lower-order interaction is to be aliased with a (u -6 1)-factor or 
lower-order interactions, then the maximum value of n is given by 
m~+x(r -6 1, s). For given n and u, we need to maximize k, i.e., take as high 
a fraction of the full factorial design as possible. This interconnection between 
the theory of confounding and fractional replication developed by Fisher, 
Finney, Bose and Kishan and theory of error-correcting codes due to 
Hamming and Slepian has been elegantly brought out by Bose (1961). 
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The 12-place code consisting of row vectors V such that HV r = 0 is a 
two-error-correcting and three-error-detecting linear code with 6 information 
symbols. An elimination of 6th row and 6th column yields a two-error- 
correcting linear code with 6 information places. 
THEOREM 2.3. m~(r q- 1, s) <~ s r-s - -  (2s + j Li=o si -t- 1, r >~ 6 and 
s >/5 is odd. 
Proof. That a complete (n, t)-set in PG(4, s), s .~ 5 odd, contains exactly 
(s + 1) points is a consequence of our result (1.2) stated earlier. Let, there- 
fore, a 4-flat intersect he system in (s -[- 1) points through which exactly 
s ~ 
i~0 
5-flats of PG(r, s) pass. Let d i be the number of points on the i-th 5-space 
which does not lie on the 4-flat. It  follows that 
dl ~ s(s --  2) --  (s + 1) -~ s 2 --  3s - -  1, (2.3.1) 
since a maximal set in PG(5, 2) cannot contain more than s(s --  2) points, 
no five linearly dependent. The (s + 1) points are common to all the 5-spaces. 
We, therefore, have 
r--5 
ms(r ÷ 1, s) <~ (s + 1) + (s 2 --  3s --  1) ~ s i (2.3.2) 
/=O 
which yields the above assertion. 
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THEOREM 2.2. m5(6, s) <~ s(s -- 2)for s ~ 5 odd. 
Proof. Let -//i, i = 1, 2, 3, 4, be four noncoplanar points defining a 
unique 3-flat, through which exactly (s + 1) 4-flats pass and by (1.2) on 
each of these one can choose no more than (s -- 3) points in addition to 
Ai ,  i = 1, 2, 3, 4, already in the system. This gives a totality of 
(s + 1)(s-- 3) ÷ 4 = s 2 -  2s + 1. (2.2.1) 
Suppose that there exists a system with (s --  1) 2 points in PG(5, s), s odd, 
no five of which are linearly dependent. Through three points, say Ai ,  
i = 1, 2, 3, pass exactly (s 2 + s -51) 3-flats and it is clear that there exists 
some 3-flats amongst hem that have no additional points of the system, for 
otherwise, we would have s ~ + s @ 4 points contradicting (2.2.1) above. Let 
B be a point, not of the system, on such a 3-flat through A 1 , A 2 and A s . 
Through the 3-flat generated by A 1 , A2, A~ and B, also pass (s + 1) 4-flats 
and if any one of these passes through another point of the system, say Aa, 
then it would have (s -- 3) additional points, since a 4-flat through four non- 
coplanar points have to have (s + 1) points in order to achieve (s -  1) 2 
points. This means that a 4-flat intersecting the system does so either in 
(s --  2) additional points of the system or no additional points of the system. 
If d is the number of 4-flats intersecting the system in (s --  2) additional 
points, then it follows that 
Thus 
d(s - -2 )+3 =s 2 -2s+ 1. (2.2.2) 
these are linearly dependent. [;°°°°°°1111iL  1000010123  H= 0 1 0 0 0 1 1 0 2 4  
0 0 1 0 0 1 2 2 0 1  
0 0 0 1 0 1 3 4 1 0  
0 0 0 0 1 1 4 3 1 3  
s - -4  d= (s_  1) + 
must be an integer, which is impossible for s /> 5. Hence, a system cannot 
have (s - -  1) 3 points in PG(5, s), no five linearly dependent. Q.E.D. 
We do not know whether the upper bound of s(s -- 2) for s ~> 5 can be 
improved. However, we give below an example of 12 points for s = 5 in the 
columns of the following matrix H satisfying the condition that no five of 
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The 12-place code consisting of row vectors V such that HV r = 0 is a 
two-error-correcting and three-error-detecting li ear code with 6 information 
symbols. An elimination of 6th row and 6th column yields a two-error- 
correcting linear code with 6 information places. 
THEOREM 2.3. m~(r + 1, s) ~ s ~-3 - -  (2s + 1) w*-5 i ~i=o s + 1, r >/6 and 
s >~ 5 is odd. 
Proof. That a complete (n, t)-set in PG(4, s), s ~ 5 odd, contains exactly 
(s + 1) points is a consequence of our result (1.2) stated earlier. Let, there- 
fore, a 4-flat intersect he system in (s + 1) points through which exactly 
;¢--5 
y, s ~ 
i~0 
5-fiats of PG(r, s) pass. Let d i be the number of points on the i-th 5-space 
which does not lie on the 4-flat. It follows that 
di ~ s (s - -  2) - -  (s-l- 1) -~ s 2 -  3s- -  1, (2.3.1) 
since a maximal set in PG(5, 2) cannot contain more than s(s --  2) points, 
no five linearly dependent. The (s -}- 1) points are common to all the 5-spaces. 
We, therefore, have 
r--5 
ms(r q- 1, s) ~ (s + 1) q- (s 2 -- 3s -- 1) Z s* (2.3.2) 
4=0 
which yields the above assertion. 
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